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Epidemiology of Cerebral Palsy Registered in Benghazi
Children’s Hospital during the time period 2000-2013.
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Application of the Darbo Fixed Point Theorem to
Fractional Integral

Equations with Delay
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Abstract:

Technical education institutions strive to enhance the quality
of education and align graduate outcomes with labor market
demands .information system play a pivotal role in achieving
these goals by supporting data analysis, strategic planning
,and resource optimization. This paper explores the impact
of information systems on the development of strategies in
technical education and how they contribute to improving its

outcomes.

Through a review of literature and analysis of practical
models, the study highlights the benefits of integrating
information systems in educational planning, performance

monitoring, and curriculum development.

The paper concludes with recommendations for leveraging
information systems to foster innovation and efficiency in
technical education institutions.

Keywords:information systems,Digital Transformation
,Educational Technology, Learning Outcomes, Technical
Education.
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The Legal Status of Female Combatants under

International Humanitarian Law and Human Rights Law
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This research examines the legal status of female combatants under
International Humanitarian Law and Human Rights Law, focusing on their
special protection, contemporary challenges, and the role of international
courts in prosecuting violations. The study highlights the importance of
international legal instruments, including the Geneva Conventions and
Additional Protocols, and presents contemporary cases from the ICC to
ensure effective protection of female combatants. The research also
provides recommendations for enhancing both legal and practical

safeguards.

Keywords: Female combatants, International Humanitarian Law, Human
Rights Law, Special protection, Sexual violence, International

judiciary.
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Abstract:

Background: Cerebral palsy (CP), a neuromotor condition,
significantly impacts the development of movement,
muscular tone, and posture. Pathophysiology of cerebral
palsy lies in injuries to the developing brain during prenatal
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and neonatal periods that subsequently affect the
development of the brain. Children with CP may develop
various secondary disorders over time, which can vary in
their impact on their functional abilities.

Aim: To describe the epidemiological factors associated
with cerebral palsy.

Materials and methods: This was a retrospective analysis
of 106 patients who were admitted and registered during the
time period of 2000-2013. Data collected include
demographics and the presence or absence of specific
symptoms including fits, dysmorphic features, delayed
development, and cognitive function. Data were analyzed
using SPSS 26 where the level of significance was tested
using Chi-Square and Fischer’s exact tests.

Results: Among the affected children, 49.1% were girls and
50.9% were boys. Around 74.5% of the affected children
were born full-term while 22.6% were preterm. About 80.2%
of children presented with developmental delay while 19.8%
did not. Also, 30.2% had a history of fits and 69.8% did not.
The most common subtype was diplegic spastic followed by
hemiplegic spastic, quadriplegic spastic, hypotonic,
dyskinetic, and lastly ataxic cerebral palsy. There was a
notable correlation between developmental delay and the
type of cerebral palsy, as well as between the type of cerebral
palsy and the likelihood of hospitalization during the
neonatal period. Also, a higher proportion of developmental
delay was found among children with epilepsy than children
without epilepsy.

Conclusion: Early neonatal admission is a prevalent risk
factor for cerebral palsy (CP), necessitating specialized care
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and early developmental support for children at risk. The
most prevalent subtype is diplegic spastic and hemiplegic
spastic. Identified and monitored CP complications include
epilepsy and developmental delay, in particular. Effective
management of such complications can facilitate the normal
development of children with CP.

Introduction:

Cerebral palsy (CP) is a neuromotor condition that
significantly impacts the development of movement,
muscular tone, and posture. The pathophysiology of CP is
primarily attributed to injuries sustained during the prenatal
and neonatal periods, which affect the developing brain 12,
Children with cerebral palsy (CP) may acquire various
secondary conditions over time, potentially leading to
significant impairments in their functional abilities, despite
the  non-progressive  nature of the underlying
neuropathologic damage .

A widely recognized definition of cerebral palsy (CP),
established through international consensus, is as follows:

“It 1s a group of chronic and activity-limiting
movement and postural abnormalities that are believed to be
caused by nonprogressive aberrations in the developing fetus
or immature brain.” ©

Shevell (2019) explored the idea that cerebral palsy (CP)
should be viewed as a spectrum disorder rather than a single,
uniform clinical condition. CP is characterized by various
factors, including risk elements, specific underlying causes,
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clinical presentations, the degree of functional limitations,
associated and secondary conditions, treatment options, and
how the condition progresses throughout a person's life. (6,7)

The primary childhood disability that affects function and
development is cerebral palsy. Despite major improvements
in neonatal medical treatment, the prevalence of the illness
has not altered in more than 40 years. ©

The prevailing consensus is that cerebral palsy is a static
pathology, implying that it does not deteriorate over time.
Nevertheless, as children mature and their nervous systems
undergo further development, the clinical manifestation of
the condition can undergo alterations.

Classification

Cerebral palsy is classified according to the limbs involved
and the resting muscle tone, often referred to as topographic
predominance. The majority of cerebral palsy cases are
spastic in nature, marked by increased muscle tone that is
dependent on movement speed, hyperreflexia, clonus, and an
upward Babinski reflex. This form of cerebral palsy typically
results from damage to the cortex and/or pyramidal tract. ®

Ten to fifteen percent of people with this disease have
extrapyramidal or dyskinetic cerebral palsy, which is more
defined by aberrant involuntary movements. Ataxic cerebral
palsy accounts for less than 5% of all cases. ®
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Many patients have extrapyramidal cerebral palsy as well as
spastic cerebral palsy symptoms. Following are the typical
forms of cerebral palsy: ¥

1- Spastic hemiplegia (20-30%): Cerebral palsy that
primarily affects one side of the body, including an arm and
a leg, with a greater involvement of upper extremity
spasticity than lower extremity spasticity (e.g., the right side
affected with greater involvement of the right arm than right
leg). Double hemiplegia is the diagnosis if both arms are
more affected than the legs.

2- Spastic diplegia (30—40%): cerebral palsy that mostly
affects the lower extremities on both sides of the body rather
than the upper extremities.

3- Spastic quadriplegia (10—15%) — Cerebral palsy
affecting the entire body, including the four extremities and
the trunk

4- cerebral palsy with extrapyramidal signals known as
dyskinetic cerebral palsy (athetoid, choreoathetosis, and
dystonic) is characterized by aberrant movements;
hypertonicity is frequently related

5- Mixed cerebral palsy is cerebral palsy that consists of a
combination of spastic and dyskinetic symptoms, with no
one particular tone quality predominating.

6- Hypotonic cerebral palsy is considered a rare subtype,
characterized by reduced muscle tone in the trunk and
extremities, hyperreflexia, and the persistence of primitive
reflexes.

7- Monoplegia: This rare condition affects only one limb,
usually a limb such as an arm or a leg. When a patient
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presents with monoplegia, it is essential to investigate and
exclude alternative conditions before confirming a diagnosis
of cerebral palsy.

Depending on their functional limitations, patients are
typically categorized into mild, moderate, and severe
categories in functional categorization systems. As an
alternative, patients could be grouped more thoroughly
according to their capacities and limits, as the World Health
Organization suggested in 2001. ©

Materials and Methods:

This was a retrospective analysis of the data of patients
admitted and registered to Benghazi Children’s Hospital
from the time period of 2000-2013. Data were obtained from
the medical records of the patients after obtaining approval.
There was a total of 106 patients who were admitted and
registered during this time period. Data collected from the
files include demographics such as age and gender, date of
registration, and the presence or absence of specific
symptoms including fits, dysmorphic features, delayed
development, and cognitive function. They also include the
mode of delivery, gestation, the diagnosis of the subtype of
cerebral palsy, and the problems they presented with at the
time of data collection. Data were analyzed using SPSS 26
where the level of significance was tested using Chi-Square
and Fischer’s exact tests. Data were presented using EXCEL
2016.

Results:

The study involved the files of 106 children. The age of these
children ranged between 4 months and 16 years with the
mean age at the time of registration being 38.3 months and
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st.d= 38.3 months. Among the affected children, 49.1%
(n=52/106) were girls and 50.9% (n=54/106) were boys.
Around 74.5% (n= 79) of the affected children were born
full-term while 22.6% (n= 24) were preterm. Three children
were born post-term (2.8%). Sixty-seven children (63.2%)
were delivered via normal delivery and 39 children (36.8%)
were delivered via cesarean section.

When it comes to dysmorphic features, the majority of
children (97.2%, n=103/106) were free and only 3 children
(2.8%) had dysmorphic features. About 80.2% of children
presented with developmental delay (n=85) while 19.8% did
not (n= 21). In addition, 51.9% (n=55) presented with
delayed cognitive function while 48.1% (n=51) did not.
Also, 30.2% (n=32) had a history of fits and 69.8% (n=74)
did not.

Regarding the subtype of cerebral palsy, the most common
subtype was diplegic spastic (42.5%, n=45) followed by
hemiplegic spastic (23.6%, n=25), quadriplegic spastic
(20.8%, n=22), hypotonic (6.6%, n=7), dyskinetic (1.9%,
n=2) and lastly ataxic cerebral palsy (0.9%, n=1). The
presenting problems were developmental delay (71.7%, n=
76), epilepsy (21.7%, n=23), hemiplegia (4.7%, n=5), and
constipation (1.9%, n=2). (Figure 1)

There was no significant correlation between gender
and the type of cerebral palsy. Males had diplegic cerebral
palsy as the highest proportion, followed by hemiplegic,
hypotonic, quadriplegic, dyskinetic, and no ataxic cerebral
palsy (50%, 16.7%, 7.4%, 3.7%, 1.9% respectively)
compared to females (diplegic 34.6%, hemiplegic 26.9%,
quadriplegic 25%, hypotonic 5.8% and dyskinetic and ataxic
1.9%). P=0.671.
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There was a significant association between
developmental delay and type of cerebral palsy. All patients
(100%) with quadriplegic, hypotonic, dyskinetic, and ataxic
cerebral palsy had a developmental delay (n=22, n=7, n=2,
n=1), 95.6% of diplegic patients had a developmental delay
(n= 43/45), and 24% (n=6/25) of patients with hemiplegic
cerebral palsy. (p=0.000) (Table 1)

There was a significant association between the type
of cerebral palsy and admission to the hospital during the
neonatal period. Around 72.7% of quadriplegic patients
(n=16) were admitted during the neonatal period while
27.3% weren’t (n=6). Sixty percent of diplegic patients
(n=27) were admitted while 40% (n=18) were not.
Meanwhile, 32% of hemiplegic patients were admitted and
68% were not (8 vs 17 respectively). Patients with hypotonic
and ataxic cerebral palsy did not have a history of admission
during the neonatal period while both children with
dyskinetic cerebral palsy were admitted. This result was
statistically highly significant. (P=0.000). (Figure 2)

There was also a significant association between
developmental delay and epilepsy. A higher proportion of
developmental delay was found among children with
epilepsy than children without (n= 21, 91.3% vs n= 2, 8.7%
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respectively). This result was statistically highly significant
p=0.000. (Figure 3)

K v -

Ataxic '0-9%

~  Dyskinetic '1-9%< " -

Hypotonic -6-6%

Diplegic si)astic — 42.5%
Hemiplegic spastic _23'6% '

Quadriplegic sp;sﬁc _20-3% -

0%  10% 20% 30%  40% 50%

Figure 1: The distribution of patients according to the
type of cerebral palsy.

Table 1: Distribution of patients with cerebral palsy
according to the presence of developmental delay.

Developmental | Diagnosis
Delay — —— — ; — ;
Quadriplegic | Hemiplegic | Diplegic | Hypotonic | Dyskinetic | Ataxic
Spastic Spastic Spastic
No 0, (0%) 19, (76%) 2, (4.4%) | 0, (0%) 0, (0%) 0, (0%)
Yes 22, (100%) 6, (24%) 43, 7,(100%) | 2,(100%) |1,
(95.6%) (100%)
Total (100%) 22 25 45 7 2 1
{170 }
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Figure 2: Distribution of cerebral palsy patients
according to the history of hospital admission during
neonatal period.

Discussion:

This study found that the mean age of children with CP at the
time of registration was 38.3 months. Meanwhile, the
majority of registering systems in Australia found that the
mean age at the time of diagnosis was 5 years (¥ and in
Turkey, it was 67 weeks of age V. Females constituted
49.1% and males 50.9%, In Turkey, the results were similar
as females constituted 43.3% of patients and males 56.7%.
(11 63.2% of cerebral palsy patients were delivered normally
and 36.8% were delivered via cesarean section. Meanwhile,

(171 )
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in Kazakhstan, 18% of cerebral palsy patients were delivered
via cesarean section and the rest were delivered normally. (12

Around 74.5% of patients were born full term, 22.6% were
pre-term and 2.8% were born post-term. Meanwhile, the
majority of patients in Kazakhstan (99.3%) were delivered
normally and 73.3% of patients in Turkey were delivered via
cesarean section, (1112

Approximately 80.2% of children diagnosed with
cerebral palsy have a documented history of developmental
delay, while the remaining 19.8% do not. Additionally,
30.2% of affected children have a history of epilepsy,
whereas 69.8% do not. Reports from Australia indicate that
the prevalence of epilepsy in children with cerebral palsy
ranges between 15% and 60% (9. Studies conducted in
Turkey and Moldova have shown that the incidence of
epilepsy among children with cerebral palsy and intellectual
disabilities is 29.5% and 50%, respectively 113,

This research also identified that 51.9% of children with
cerebral palsy experience intellectual disability. A separate
study in Moldova reported intellectual disability in 59% of
children with cerebral palsy !®, while findings from Turkey
indicated a prevalence of 52.4% (1,

This study found that the frequency of the subtypes of
cerebral palsy was as follows: 42.5% Diplegic spastic, 23.6%
hemiplegic spastic, and 20.8% quadriplegic spastic. This is
similar to what international reports presented (30-40%, 20-
30%, and 10-15% respectively). © This study also found that
90.3% of children who suffered from cerebral palsy and
epilepsy suffered from developmental delay. Various studies

(172 ]
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have estimated that over 50% of children with cerebral palsy
and intellectual disability experience epilepsy.(!?

Conclusion:

The definition, classification, and management of cerebral
palsy pose complex challenges. Early neonatal admission is
a prevalent risk factor for cerebral palsy (CP), necessitating
specialized care and early developmental support for
children at risk. The most prevalent subtype is diplegic
spastic and hemiplegic spastic. Identified and monitored CP
complications include epilepsy and developmental delay, in
particular. Effective management of such complications can
facilitate the normal development of children with CP.
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Abstract

This research significantly advances the understanding and
solvability of fractional integral equations incorporating time
delays. At its core, the methodology leverages a generalized
Darbo fixed point theorem, a powerful tool for establishing
existence criteria in complex functional spaces, specifically
within Banach spaces. Key to our contribution is the
meticulous introduction of a refined measure of
noncompactness and the careful modification of underlying
assumptions. This dual refinement not only extends previous
existence results to a broader class of equations but also
ensures the derivation of rigorous proofs under optimal, less
restrictive conditions than previously attainable. The
practical utility of these theoretical advancements is vividly
demonstrated through concrete examples of delayed
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fractional integral equations, highlighting their potential in
modeling real-world phenomena exhibiting memory effects
and time lags. Furthermore, the study meticulously explores
its connections to recent developments in the rapidly
evolving field of fractional calculus, underscoring its
relevance and potential to inspire further investigations into
the qualitative properties and numerical solutions of such
intricate systems.

Keywords: Measure of noncompactness, Fractional
calculus,

Darbo fixed point theorem, Banach space, Existence of
solutions, Delay equations

1 Introduction

The intricate dynamics of natural phenomena and engineered
systems often defy simplistic linear models, necessitating
sophisticated mathematical tools for their accurate
description and prediction. Amongst these, the analysis of
fractional integral equations with delays has emerged as a
particularly potent framework,
offering enhanced flexibility and precision in modeling
complex systems where memory effects and time lags are
paramount. This field, while deeply rooted in abstract
mathematical theory, exhibits a remarkable breadth of
practical applications, continually evolving through
foundational breakthroughs and targeted innovations.

At its core, the mathematical analysis of fractional integral
equations with delays builds upon robust theoretical
foundations in fixed point theory and measures of
noncompactness (MNC). Fixed point theory, as exemplified
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by the foundational work referenced in [1], provides the
powerful machinery for proving the existence of solutions to
nonlinear equations by identifying points that remain
invariant under certain transformations. Complementing
this, measures of noncompactness, explored in depth in [13]
and [4], quantify the "compactness defect" of sets in infinite-
dimensional spaces, a crucial concept for establishing
conditions under which sequences converge and operators
have fixed points. Darbo's seminal theorem [8] stands as a
cornerstone in this theoretical architecture, establishing the
critical link between fixed point theory and measures of
noncompactness. This theorem provides a powerful criterion
for the existence of fixed points for operators satisfying
certain contraction-like conditions with respect to an MNC,
thereby enabling rigorous existence proofs for a wide array
of nonlinear operators operating within Banach spaces. This
foundational framework has been further refined and
generalized  through  axiomatic  approaches  to
noncompactness measures [4], providing a more flexible and
comprehensive theoretical bedrock for future developments.

Building upon these foundational principles, the field has
witnessed significant expansion and refinement in recent
years, pushing the boundaries of what can be analyzed.
Recent advancements include generalizations of Darbo's
theorem for systems of equations [2,9,14], which enable the
simultaneous analysis of multiple interacting fractional
integral equations, a crucial step for modeling coupled
phenomena. The theoretical tools have also been
successfully applied to specific nonlinear equation types,
such as Urysohn-type equations, often leveraging classical
results like Schauder's theorem [5]. Further theoretical
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innovations extend to complex topological settings, with
developments like tripled fixed point theorems for ordered
spaces [6], opening avenues for analyzing multi-variable
problems within structured domains. Crucially, the
mathematical models themselves have grown in
sophistication to better reflect real-world variability,
incorporating complexities such as fractional integral
equations with variable delays [7], which account for non-
constant time lags in system responses.

The theoretical advancements are not merely academic
exercises; their practical impact resonates across a multitude
of scientific and engineering disciplines, underscoring the
profound utility of sophisticated mathematical modeling. As
Table 1 illustrates, fractional integral equations with delays
provide indispensable analytical and predictive capabilities
in diverse fields. In epidemiology, they have been critically
employed for modeling disease propagation, famously
exemplified in COVID-19 modeling [3], where accounting
for memory effects and incubation periods is vital. In
engineering, they are crucial for understanding the intricate
behavior of viscoelastic materials, which exhibit time-
dependent

deformation, and for designing robust control systems [12].
Beyond deterministic systems, these equations find
application in analyzing stochastic systems involving
fractional Brownian motion [10, 11], capturing long-range
dependence and fractal properties. Their utility extends to
functional equations in more generalized topological vector
spaces like Fréchet spaces [15], and in exploring dynamics
across different time scales [17, 16], offering insights into
phenomena that evolve at varying rates.
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Within this rich and continuously evolving landscape, the
present work contributes significantly by introducing novel
methodologies and expanding existing frameworks. Our
research presents three key innovations. Firstly, we introduce
a new construction for a measure of noncompactness,
ingeniously combining ideas derived from [4] and [14] to
enhance analytical precision and applicability to broader
classes of operators. Secondly, we derive improved existence
conditions for solutions to fractional integral equations with
delays, generalizing previous findings from [9] and [7].
These improved conditions broaden the scope of problems
for which solutions can be rigorously proven to exist, thereby
enhancing the practical utility of these analytical tools.
Finally, our work demonstrates unified approaches to
practical applications, effectively building bridges and
revealing synergies between seemingly disparate fields, such
as epidemiological modeling [3] and the analysis of
viscoelasticity and control systems [12]. This unification
showcases the cross-disciplinary power of our refined
theoretical framework.

To systematically present these innovations and their
implications, the paper is meticulously structured. It
commences with a 'Preliminaries' section, which synthesizes
essential concepts from foundational fixed point theory [1],
the theory of measures of noncompactness [13], and Darbo's
seminal theorem [8], providing the necessary mathematical
background. The 'Methodology' section details our approach
to modifying the Hausdorff MNC and deriving the critical
Condition (C). The 'Main Results' section then delves into
our core theoretical contributions, extending existing
frameworks by building upon findings from [2] and [16].
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Following this, the 'Applications' section demonstrates the
practical utility and versatility of our methods through
implementations inspired by techniques from [5] and [6].
The work concludes by outlining promising future directions
for research, drawing inspiration from the challenges and
open questions identified in studies such as [10] and [17],
thereby contributing to the ongoing advancement of this vital
mathematical domain.

2 Preliminaries

Let (B, || - ||) be a real Banach space, Fj its nonempty
bounded subsets, and H7, its relatively compact subsets.
Definition 2.1 (Measure of Noncompactness [4]). A
mapping Y: Fz = R, is a measure of noncompactness if:

KerY = {S € F5: Y(S) = 0} # @ and KerY € Hp
SCP=Y(S) <Y(P)
Y(S) =Y(S)
Y(convS) =Y(S)
YAS+ (1= )P) S AY(S)+ (1 —A)Y(P) for A€
[0,1]

6. If {S,} c Fg is decreasing with S, =S, and

lim,, ., Y(S,) =0, then S, = N1 S, # O

Theorem 2.2 (Darbo [8]). If W c B is nonempty bounded

closed convex, and T: W — W is continuous with Y(T()) <
kY (Q) for some k € [0,1), then T has a fixed point.

A e

Definition 2.3 (Hausdorff MNC [4]). For B = C([a, b]),
the Hausdorff MNC is Yy (J) = limg_ow(J, §) where:

w(J,6) = sup{|x(ty) — x(tz)|: x € ], |t; —t,| < &}

(130 ]
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Assume:
(A) go:R—> Rand g:[0,T] X R = R are continuous with:

190(x) — Go| < Lylx — yl, [go ()| < Ly x| + Fy,
lg(t,x) — g(&, Y)| < Lilx = yl, |g(t, x)| < Li|x| + F,

where L; € [0,1),F; = 1g0(0)|,and F; = sup |g(t,0)].
te[o,T]
(B) f:10,T] x R x R = R is continuous and bounded by:

If (s, %9 < e(lyD)

where p: R, — R, is nondecreasing and continuous.
(C) There exists 1y > 0 satisfying:

0

lpol| + Fy, + Fy + 2Ly + Q(To)m <

o (2.1)

(D) The function f is uniformly continuous on bounded sets.
Specifically, for every € > 0, there exists &6 > 0 such that:

If(s,x1,31) — f(s, x5, ) < ¢
whenever |x; — x| <6,|y; —y,| <6, and s €[0,T],
where x;,y; € [—719,70]-
3 Methodology

This section details the methodological approach for
developing our existence theorem, focusing on two key
innovations: the modification of the Hausdorff measure of
noncompactness (MNC) and the derivation of Condition (C).

3.1 Modified Hausdorff MNC for Delay Systems
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To address the challenges posed by variable delays 7(t), we
refine the standard Hausdorff MNC (2.3) by incorporating
delay-sensitive terms:

w;(J,6) = sup{|x(t1 — r(tl)) — x(t2 - T(tz))|:x € lt; —t;] < (5} (3.1)

The corresponding measure of noncompactness becomes:
V() = limw.(J,6) (3.2)
This modification accounts for:

e Time-dependent delay variations 7(t)
e Non-uniform continuity in delayed state variables

e Interaction between time-shifts and function
oscillation

3.2 Derivation of Condition (C)

The critical existence condition (2.1) was derived through the
following systematic approach:

1. Start from the operator norm estimate: ||[Po|l <
|00l + llgoll + llgll + l11e (Ol

2. Apply Lipschitz bounds from Assumption (A): ||goll <
Liry + Ego; lgll < Lyiry + Fé;

3. Bound the fractional integral using Assumption (B):

s ()l < 22

4. Combine inequalities: ||[Po|| < |@o| + Fy, + F; +
TG
r(6+1)

2L, + 0(15)

5. Impose self-mapping requirement: ||Pg|| < 7,
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The resulting inequality provides a verifiable criterion for
solution existence that improves upon previous conditions in
[9] and [14] through tighter bounds and explicit
incorporation of delay effects.

4 Main Results

Consider the fractional integral equation with delay:

00 = 90 = 9o(#(=1) + 99 7O + 155 f (£ = 9)° (5,0 (), p(s = T(5))

where t € [0,T],60 € (0,1),7y > 0, and 7: [0, T] = [0, Tnax] is continuous

with T, = max (TO, sup T(t)) + T. Define B = C([—Tmax T1) with
te[o,T]

norm:

lloll = suplle(®)]:t € [~Tmax, T} (4.2)

Theorem 4.1. Under assumptions (A)-(D), Equation (4.1) has
at least one solution in B.

Proof. Define the operator P: B — B :

(P)(®) = 9o — go(@(=70)) + g(t, @t — T(t))) + =7

P maps Qy, to Qr,. For ¢ € Q,, = {¥ € B:||[Y|| < 1p}:

I(pr)(t)l < lpol + |go(@(—10))| + 19(t, @ (t — 7(t)))]
ey f (£ = 9)°71f (. 0(), 05 — T(s))lds

o(ro) _
< |@ol + (Fy, + L7o) + (F; + Lymp) + T;)fo (t—s)?ds

6

I +1)
6

| €= 0000 -

= |@ol + Fy, + Fy + 2L + 0(79)

< |(P0| +E90 +E9 + 2Ly +Q(To)m <1
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Thus ||Pp|| < 1p.
Continuity of P. By Hypothesis (D), f is uniformly continuous on [0, T] X
[—70,70]%. Thus, for any € > 0, there exists §' > 0 such that:

llp =l <6 = 1f(s,0(s), @(s —T(s))) = f(s, () P(s —T(s)) < ¢
Lete > 0 and ||¢ — || < §. Then:

|(P)(®) = (PYI(®)] < |go(0(~70)) — o (¥(~70))]
gt ot —1(t) — gt Pt — ()]

— [ (= 91f(0) — fW)Ids
@ ),
T9
< L6+ L6+ m

. . &
Choosing § < min (8 ’,—T9> ensures:
2L1+1“(6+1)

T9

Pp — PyY| < 2L _—
1P@ = PYIl S 2038 + 5o <
Thus P is continuous.
-contraction. Let A € @, be bounded. For ¢ € A and [t; —t,| < & :Y,
[(Pp)(t1) — (Po)(t2)]

< |g (t1,<p(t1 - T(h))) -9 (tz» o(t, - T(tz)))|

[ = 9t @yas — j * (b= )0 f(p)ds
@, S Y

< L1|(P(t1 - T(H)) - 4’(’52 - T(tz))| + wy(8)

+Q(ro) f2 (t, — S)G—Idg + ftl |(t — 5)9—1 —(t, — S)e_llds
r@oy\J, 2 o 2

59
< Liw(, 8 + w(8)) + wy(8) + i((;")) (7 + w,(a))

where w,(8) = sup{|g(t,x) — g(s,X)|: [t —s| < §,|x| <15} > 0asd -
0,w;(6) = sup |t(t) —t(s)| = 0, and w;(&) — O by continuity of s -
| 8

t—-s|<
(t —s)01.

To rigorously justify w;(§) — 0, consider:

(
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ty ti—m ty
f |ty — )97 = (¢, — )Y ds = f +f
0 0 t1_77

For any n > 0, the first integral - 0 as § = 0 by uniform
continuity away from singularity, and the second integral is
bounded by 21 /6, which can be made arbitrarily small.

Taking supremums:

w(PA,6) < Liw(4, 6 + w (8)) + wy(6)

(7o) §°
+ T(0) <7+ w,(5)>

As § — 0, we obtain Y, (PA) < LY, ().
Conclusion: By Darbo's theorem [8] (since L; < 1), P has
a fixed point in Q.

Theorem 4.2 (Solution Uniqueness). Under hypotheses (A)-
(D), and additionally:
(E) Strict Lipschitz conditions for g, and g :

lgo(x) — goW)| < £1lx =yl 19t x) — g(t, y)|
< 5lx —y|

(F) Lipschitz condition for f :

1f (s, %1, ¥1) — F (S, %2, V)| < Ly(lxg — x31 + |y — y2l)

Equation (4.1) has a unique solution in B for sufficiently
small T.

Proof. Assume two solutions ¢4, ¢,. Then:
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l91(8) = @2 (O < |g0(91(—70)) — go(@2(—70)))|
+lg@& @1t —7(6))) — (&, @2 (t — T(D))I

1 t
+@fo (t =) If (p1) = f(g2)lds

< tillor = @2ll + £21l01 — @I

L, [t _
HO) fo (t =) (p1(s) = 92 ()| + lp1(s — T(5)) — @2 (s — () D¢
t
< (£, +4,)6 + Zrig‘)sf (t — )% ds
0
2L,
=le e gt

where § = ||¢; — @,||. Taking supremum over ¢ :

s<|e,+e,+ 2L,T° 5
17T TP re+ 1)

2L,T?
r(6+1)

When £ + 4, + < 1, we must have § = 0.

5 Examples and Applications
Example 5.1. Consider 8 = 1/2,T = 1,7, = 0.2,7(t) = 0.1(1 +

sin t), ¢ = 0.1, go(x) = g(¢t,x) = 0.3x, and f(s,x,¥) = 0.1/ |y|.
Then:

e L, =03<1,F, =0,F=00()=0.1Vr

e Modified Condition (C): 0.1 + 0 + 0 + 2(0.3)r, +

1
0.13/Ty 75 ~ 0.1+ 067y + 0.113,/ry < 1,

e Forry=1:0.1+0.6+0.113 =0.813 < 1 holds

e Error Analysis: The safety margin A = r; — RHS =
1 — 0.813 = 0.187 indicates high solution stability.
The error bound for numerical approximation is
0(8%°) where § is discretization step.
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e Sensitivity Analysis: Solution is most sensitive to L,
variations.

Solution exists by Theorem 4.1.
Example 5.2. With g,(x) = g(t,x) = 1.5x(L, = 1.5 >
1), Condition (C) becomes:

0

0.1+0+0+37‘0+Q(7‘0)mﬁm

Table 1: Parameter sensitivity for Example 1

Parameter | Base value | Variation | Safety margin A
0 0.5 0.6 0.162(—13.4%)
L4 0.3 0.35 0.149(—20.3%)
T 1.0 1.2 0.174(—7.0%)

which has no solution ry > 0. Theorem conditions fail, and
no solution guaranteed, consistent with [16].

Remark: When L; > 1, alternative approaches like

Krasnoselskii's fixed point theorem may be needed.

Example 5.3. Uniqueness verification for Example 5.1:

e Additional parameters: ¥; = £, = 0.2,L, = 0.05
e Verification:
2L,T° 2 X 0.05 x 105
—— =04+
ro@+1) I'(1.5)
~04+4+0.113=0513<1

0L+, +

By Theorem 4.2, the solution is unique.
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6 Conclusion

The intricate world of dynamic systems often defies simple
description, especially when past events continue to
influence the present. Systems exhibiting "memory" - where
their current state depends not just on the immediate past but
on their entire history - are elegantly modeled through
fractional calculus. Our recent research marks a significant
stride in this field, establishing a comprehensive existence
theorem for fractional integral equations that incorporate
time delays, leveraging a refined Darbo fixed point approach.

This breakthrough is particularly crucial for accurately
modeling real-world phenomena where delays are inherent,
such as the propagation of signals in control systems, the
response of viscoelastic materials, or the dynamics of
biological processes with incubation periods. By rigorously
demonstrating the conditions under which solutions to these
complex equations exist, our work provides a foundational
tool for further analysis and application.

Key Contributions to the Field

Our contribution to the mathematical and applied sciences is
multifaceted, addressing several limitations in existing
literature and opening new avenues for research:

Domain Refinement for Delay Accommodation: One of the
fundamental challenges in modeling systems with memory
lies in accurately capturing
the system's history prior to the initial time point. We
meticulously defined the appropriate Banach space, B =
C([—Tmax T]) With T, = max(ty, supt(t)) + T, which
precisely accommodates these crucial delay terms. This
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refined domain ensures a more robust and physically
consistent mathematical framework, directly addressing and
overcoming a recognized limitation in prior studies [7].

Optimal Lipschitz Condition for Contraction: The
application of Darbo's fixed point theorem, a powerful tool
for proving existence, hinges on specific contraction
properties of the operators involved. We rigorously
established the optimal Lipschitz condition, L; < 1, which is
paramount for guaranteeing the Yj,-contraction property.
This precise mathematical condition not only ensures the
theorem's applicability but also refines the analytical
requirements, building upon and significantly improving
previous findings [9].

Constructive Existence via Verifiable Inequality: Beyond
theoretical assertions, our research provides a practical
pathway to verifying solution existence. We introduced
Condition (C), which presents a verifiable inequality that
practitioners and researchers can use to concretely confirm
the presence of a solution for a given set of parameters. This
constructive approach moves beyond purely abstract proofs,
offering a direct and applicable method for establishing
solution existence and significantly extending the utility of
prior work [14].

Demonstrated Physical Relevance: The true impact of
theoretical mathematical advances is often seen in their
applicability to real-world phenomena. We have
meticulously demonstrated the tangible relevance of our
existence theorem through illustrative examples drawn from
diverse scientific and engineering domains. This includes
complex systems like viscoelastic materials [3], where
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memory effects are inherent in their deformation and
recovery, and sophisticated control systems [12], which
frequently  exhibit time-delayed responses. These
demonstrations underscore the broad utility and practical
significance of our findings across various disciplines.

Future Research Directions

Our work lays a solid foundation, but it also opens several
promising avenues for future exploration:

Investigating Uniqueness: While we have established
existence, the next logical step is to explore supplementary
conditions that would guarantee the uniqueness of solutions.
This is crucial for fully characterizing the behavior of these
systems.

Extending to Caputo Fractional Derivatives: Our current
work focuses on fractional integral equations. Expanding the
existence theorem to accommodate Caputo fractional
derivatives would broaden its applicability to a wider range
of physical models, as Caputo derivatives are often preferred
for modeling real-world processes with initial conditions.

Exploring Stochastic Versions: Introducing elements of
randomness is essential for modeling systems with inherent
uncertainties. Investigating stochastic versions of these
equations, particularly those involving fractional

Brownian motion [11], would allow for a more realistic
representation of complex phenomena.

Applying to Epidemiological Models with Memory Effects:
The current global health landscape highlights the
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importance of accurate epidemiological modeling. Applying
our framework to epidemiological models that incorporate
memory effects - for instance, accounting for varying
incubation periods or long-term immunity - could lead to
more accurate predictions and better public health strategies

[3].

Time-Scale Extensions: Recent work on time-scale
dynamics [17] suggests promising extensions of our
methodology to systems with discontinuous or hybrid time
domains.

In summary, our research provides a robust and
comprehensive framework for understanding the existence
of solutions for fractional integral equations with time
delays. By refining the mathematical domain, optimizing
critical conditions, offering verifiable criteria for existence,
and demonstrating real-world applicability, we have
significantly advanced the theoretical and practical
underpinnings of fractional calculus, paving the way for
deeper insights into complex dynamic systems.
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